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We evaluate the partial decay widths of the lightest scalar glueball to pairs of pseudoscalar quark-antiquark
states. The calculation is done in the valence (quenched) approximation on a 16
3
lattice at  = 5:7. These
predictions and values obtained earlier for the innite volume continuum limit of the scalar glueball's mass are
in good agreement with the observed properties of f
J
(1710) and inconsistent with all other observed meson
resonances.
1. Introduction
Whether or not glueballs have been observed
in experiment is still generally considered unset-
tled. Since the properties of glueballs are not ex-
pected to be drastically dierent from the prop-
erties of avor singlet bosons including valence
quarks and antiquarks, the identication in ex-
periment of states with large glueball contribu-
tions is dicult without a reliable calculation of
the predictions of QCD. The lattice formulation
of QCD appears to us to give the most reliable
method now available for determining QCD's pre-
dictions for the masses and decay couplings of
glueballs.
For the innite volume continuum limit of the
valence (quenched) approximation to the light-
est scalar glueball mass, we reported some time
ago [1] the value 1740(71) MeV. This prediction
was obtained using ensembles of 25000 to 30000
gauge congurations on each of several dierent
lattices. An earlier independent valence approxi-
mation calculation [2] of the scalar glueball mass,
extrapolated to the continuum limit [3] following
Ref. [1], yields a prediction of 1625(94) MeV. The
calculation of Ref [2] uses ensembles of between
1000 and 3000 congurations on several dierent
lattices. Combining the two mass calculations
and taking into account the correlation between
their statistical uncertainties arising from a com-

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mon procedure for converting lattice quantities
into physical units gives a scalar glueball mass
of 1707(64) MeV. This result and the mass pre-
diction with larger statistical weight are both in
good agreement with the mass of f
J
(1710) and
are strongly inconsistent with all but f
0
(1500) [4]
among the other established avor singlet reso-
nances which could be scalars. For f
0
(1500) the
disagreement is still by more than three standard
deviations.
The valence approximation, in eect, replaces
the momentum and frequency dependent color
dielectric constant arising from quark-antiquark
vacuum polarization with its zero-momentum,
zero-frequency limit [5]. For the long distance
properties of hadrons, we would expect this ap-
proximation to be fairly reliable. The innite vol-
ume continuum limits, for example, of the valence
approximation to the masses of eight low lying
hadrons composed of quarks and antiquarks dif-
fer from experiment by amounts ranging up to
6% [6]. A 6% error in the glueball mass would be
100 MeV. An adaptation of an argument giving a
negative sign for the valence approximation error
in f

[6] also suggests a negative sign for the glue-
ball mass error. Thus we would expect the scalar
glueball in full QCD to lie between 1707(64) MeV





(1500) still possible but improbable.
The key question not answered by the mass re-
sults, however, is whether the lightest scalar glue-
ball has a decay width small enough for this par-
ticle actually to be identied in experiment. It
seems likely to us that a scalar glueball with a
width of a few hundred MeV or less and mass
2in the neighborhood of 1700 MeV would already
have been seen in experiment. Alternatively, if
the scalar glueball has a width of a GeV or more,
the prospect of ever nding this particle seems re-
mote. A further question in the identication of
f
J
(1710) as a glueball is raised by the argument
that since glueballs are avor singlets they should









In the present article we report the rst lattice
QCD calculation of the valence (quenched) ap-
proximation to the decay couplings of the light-
est scalar glueball to pairs of pseudoscalar quark-
antiquark states. The couplings constants we
obtain, combined with the mass prediction of
1740(71) MeV, give a total two-pseudoscalar de-
cay width of 108(29) MeV. With any reasonable
guess concerning the scalar glueball's branching
fraction to multibody decay modes, the result-
ing total decay width is well below 200 MeV and
therefore small enough for the scalar glueball to
be identied in experiment. In fact, the predicted
total two-pseudoscalar decay width, and individ-




, and to 2 are all in
good agreement with properties of f
J
(1710) and
inconsistent with all other established avor sin-
glet resonances which could be scalars. The total
two-body width of f
J
(1710) is 99(15) MeV [8]. A
comparison of our predicted coupling constants
with data for f
J
(1710) [8] is shown in Figure 1.
The calculation we present uses 10500 indepen-
dent gauge congurations on a lattice 16
3
 24
at  = 5:70. The corresponding inverse lattice
spacing is 1.35 GeV. We believe this lattice has
spacing suciently small and volume suciently
large to give partial widths within 30% of their
innite volume continuum limits.
In the valence approximation, according to one
point of view, glueballs are pure eld and are not
mixed with states including valence quarks or an-
tiquarks. The agreement between the glueball
mass and decay couplings found in the valence
approximation and the observed mass and decay
couplings of f
J
(1710) appears to us to be strong
evidence that this state is largely a scalar glue-
ball with at most some relatively smaller ampli-
tude for congurations including valence quark-













Figure 1. Couplings for decay to a pair of
pseudoscalars as a function of pseudoscalar mass
squared.
antiquark pairs.
The calculations presented here were carried
out on the GF11 parallel computer [9] at IBM
Research and took approximately two years to
complete at a sustained computation rate of be-
tween 6 and 7 Gops. A preliminary version of
this work is discussed in Ref. [10].
In the remainder of this paper we describe our
method for determining scalar glueball decay cou-
plings then present our numerical results.
2. Method
We work with a euclidean lattice gauge theory
on a lattice L
3
 T , with the plaquette action for
the gauge eld and the Wilson action for quarks.
We assume initially exact avor SU(3) symmetry
for the quark mass matrix. Each gauge congura-
tion is xed to Coulomb gauge. We then dene a
collection of smeared elds. We describe smear-
ing only for the particular choice of parameters
actually used in the decay calculation. Let U
i
(x)
for a space direction i = 1; 2; 3; be a smeared link
eld [1] given by the average of the 9 links in direc-
tion i from the sites of the (3 site) x (3 site) square
oriented in the two positive space directions or-
thogonal to i starting at site x. Let V
ij
(x) be the





the outside of a (3 link) x (3 link) square. Let
g(t), carrying zero momentum, be the sum of the
V
ij
(x) for all i; j and x with time component t.
Dene 	(x) and 	(x) to be quark and antiquark
3elds, respectively, smeared [6] by convoluting the
local elds with a space direction gaussian with
mean-square radius 6.0. The smeared eld 
i
(x)











k; t) to be
the Fourier transform of 
i








are dened as the energy of a single
pseudoscalar at rest or with momentum magni-
tude j
~




is dened by setting




















similarly from a pseudoscalar eld with
momentum magnitude j
~
kj = 2=L. The glueball
mass E
g
and eld strength renormalization con-
stant 
g
are dened by setting the large t asymp-









Let the avor singlet, rotation-

















), with the sum over i
running from 1 to 8. Dene the avor singlet eld























































Dene j1 > and j2 >, respectively, to be the
lowest and second lowest energy avor singlet, ro-
tationally invariant two-pseudoscalar states, both
normalized to 1. E

i




































, respectively. Since pairs of
pseudoscalars can interact and scatter, however,
the o-diagonal coecients need not be zero.
























; 0) >. If






, the lightest intermediate state which can ap-


















) will therefore be proportional to the
coupling constant of a glueball to two pseu-






, however, the lightest intermediate







) is still j1 >, not j2 >,




To get the coupling of a glueball to two pseu-















the j1 > intermediate state must be removed.








































the contribution from the intermediate state jj >







) is irrelevant for large enough t
g
, we






) to approach its
large t
g







proaches its large t
g
limit.
Another state which can also appear between







sists of a quark and an antiquark bound as a
scalar avor singlet. For the lattice size,  and
 used in the present calculation, this state we
have found has a mass in lattice units above 1.25.
The scalar glueball mass is 0.972(44). The scalar
quark-antiquark state therefore will make only its
appropriate virtual contribution and does not re-






































































are the glueball coupling constants
to a pair of pseudoscalars at rest or with momenta
of magnitude 2L
 1




is dened from 

ij























































4The coupling constants in Eq. (2) have been






) with the three-point
function arising from a simple phenomenological
interaction lagrangian. This procedure for deter-
mining 
i
is correct to leading order in 
i
. A
corresponding relation has been used for some
time to nd coupling constants among hadrons
containing quarks and recently has produced a
variety of results in good agreement with experi-
ment [11]. The normalization of the 
i
is chosen
so that in the continuum limit they become, up
to a factor of  i, Lorentz-invariant decay ampli-
tudes with the standard normalization convention














. These we obtain from propagators





















; 0) >. For moder-
ately large values of t
1






























































), independent of t
1
, arises from





























is to correct for the interaction between the two
pseudoscalars produced by a glueball decay. In
the valence approximation pseudoscalars interact
without the production and annihilation of vir-










are obtained should therefore be
evaluated from quark propagators including only
terms in which all initial quarks and antiquarks
propagate through to nal quarks and antiquarks.
It can be shown that including also in the two-
pseudoscalar propagator terms in which initial
quarks propagate to initial antiquarks and nal




which correct Eq. (2) for processes missing
from glueball decay in the valence approximation.



































by a sum of two terms each of which is a slightly
more complicated version of one of the exponen-
tials in Eq. (4). This complication occurs because
in the valence approximation the exchange of a
particle composed of quarks and antiquarks be-
tween the pseudoscalars produced in a glueball
decay is not iterated in the same way as in full

















Within the intervals of t
1




, these bounds are well satised. In any case,




turn out to be close to their values for
noninteracting pseudoscalars. A consequence is
that the corrections due to interactions between




to the predicted values of 
i
are small, and our
results are fairly insensitive to details of the two-
pseudoscalar interaction.
3. Results
We now turn to our numerical results. In all of
our numerical work, ts were done by minimizing

2
found from the full correlation matrix among
the tted data and statistical uncertainties were
found by the bootstrap method.
At  = 5:7 on a 16
3
 24 lattice, with an
ensemble of 10500 independent congurations,
we determined glueball and single pseudoscalar
energies and renormalization constants following
Refs. [1] and [6], respectively. The energies in

















































































Single particle energies in lattice units.
lattice units are shown in Table 1.
On a lattice of size 16
3
 40 we then evalu-







at  = 0:1650 using 107 independent congu-
ration, and at  = 0:1675 using 875 indepen-


















) for a range of dierent t
2
. For












) with xed t
2
to
Eq. (4). This t was done at large enough t
1










) in Eq. (4) to be neg-









), it is not dicult to
nd a range of t
1












to be satisfactory. Figure 2






) for  = 0:1675, t
2
= 2.
























































) in Eq. (4). This region is












of the dominant large t
1
term in Eq. (4) is smaller




) of the term which falls
more rapidly at large t
1
. In these ts, we there-
























) with  = 0:1675,
t
2
= 2, Figure 3 shows E

1
in comparison to eec-















































Energies in lattice units and eld-strength renor-
malizations for two-pseudoscalar states.



























and looked for a plateau in eective masses at
smaller t
1










satisfactory range we found to be the 4 successive
time values in the interval 2  t
1
 7 giving the
t with the smallest 
2
per degree of freedom. For






) with  = 0:1675, t
2
= 2, Fig-
ure 4 shows E

2
determined from 3  t
1
 6 in








At  = 0:1650 we obtained results for 0  t
2










cally consistent with being independent of t
2
in














) in all cases for
t
2









were taken from combined ts with
2  t
2
 4 for  = 0:1650 and with 2  t
2
 5




lattice units and ^

ij




is 1 for i = j and 0 otherwise. Our
data is close to these values. The nal value of 
1
is changed by less than 1 standard deviation and
the nal 
2
is changed by less than 2 standard
deviations if we ignore the determination of ^

ij
and simply use the the noninteracting values.
From our tting procedure we were unable to





) which enters the determination of ^

21
and therefore of 
1




close to their values for pairs of noninteract-



















= 0 as a function of t

,




= 0, 3  t

 7.















= 1 as a function of t

,




















rst order perturbation theory in the strength of
the two-pseudoscalar interaction. This approxi-




to 0 alters the nal 
1
by less
than a standard deviation. As discussed earlier,
if 
1










From our 10500 conguration ensemble on a
16
3





ball decay on mass shell at  of 0.1650 and 0.1675,
respectively. We obtained statistically signicant




 2 with 0  t

 9 for S
1
and with 0  t

 7 for S
2
. At each point within
this range we then determined eective 
i
using





tent with being constant for t

 3 and t

 2,
















= 2 as a function of t
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,




= 2, 3  t
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 7.











tted on intervals 3  t
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 2, 3  t
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= 0 as a function of t
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,




= 0, 2  t
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 6.















= 1 as a function of t
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,




= 1, 2  t

 6.
















= 2 as a function of t
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,




= 2, 2  t
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 6.




























 1, 2  t
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 6.





















= 0. Figures 6 and 7 show




of 1 and 2, respec-
tively. Figure 8 shows tted values of 
1
on the
interval 3  t





of 0, 1 or 2.
Figures 9 shows eective 
2
in units of the  mass






= 0 in comparison






= 0. Figures 10 and





2, respectively. Figure 12 shows tted values of

1
on the interval 2  t






0, 1 or 2.
To extract nal values of 
i
, we tried ts to all
rectangular intervals of data including at least 4
values of t








we chose the t giving the lowest value
of 
2
per degree of freedom. The window de-
termined in this way for 
1







 2, and for 
2







 1. The horizontal lines in Fig-




respectively. Over the full collection of windows
we examined, the tted results varied from our
nal results by at most 1 standard deviation. We
believe our best ts provide reasonable estimates
of the asymptotic coecients in Eq. (2).
So far our discussion has been restricted to
QCD with u, d and s quark masses degenerate.
An expansion to rst order in the quark mass ma-
trix taken around some relatively heavy SU(3)
symmetric point gives glueball decay couplings
for 's, K's and the  which are a common lin-
ear function of each meson's average quark mass.
Since meson masses squared are also nearly a lin-
ear function of average quark mass, the decay
couplings are a linear function of meson masses
squared. Thus from a linear t to our predic-
tions for decay couplings as a function of pseu-
doscalar mass squared at unphysical degenerate
values of quark masses we can extrapolate de-
cay couplings for physical nondegenerate values
of quark masses. From this linear t a predic-
tion can also be made for the decay coupling of
the scalar glueball to + 
0
, if we ignore the con-
tribution to the decay from the process in which
the  quark and antiquark are connected to each
other by one propagator and the 
0
quark and an-
tiquark are connected to each other by a second
propagator.
Figure 1 shows predicted coupling constants as
a function of predicted meson mass squared along
with linear extrapolations of the predicted values
to the physical , K and  masses, in compari-
son to observed decay couplings[8] for decays of
f
J
(1710) to pairs of 's, K's and 's. Masses and
decay constants are shown in units of the  mass.
Our predicted width for the scalar glueball decay
to  + 
0






get 0.52(13). We predict a total width for glue-
ball decay to pseudoscalar pairs of 108(29) MeV,
in comparison to 99(15) MeV for f
J
(1710).
One of us (D.W.) is grateful to S. Lindenbaum,
R. Longacre, S. Sharpe and the participants in
Gluonium 95 for valuable conversations.
REFERENCES
1. H. Chen, J. Sexton, A. Vaccarino and D.
Weingarten, Nucl. Phys. B (Proc. Suppl.) 34,
357 (1994).
2. G. Bali, K. Schilling, A. Hulsebos, A. Irving,
C. Michael, P. Stephenson, Phys. Lett. B 309,
378 (1993).
3. D. Weingarten, Nucl. Phys. B (Proc. Suppl.)
34, 29 (1994).
4. C. Amsler, et al., Phys. Lett. B355, 425
(1995).
5. D. Weingarten, Phys. Lett. 109B, 57 (1982).
6. F. Butler, H. Chen, J. Sexton, A. Vaccarino,
and D. Weingarten, Nucl. Phys. B 430, 179
(1994); Nucl. Phys. B 421, 217 (1994).
7. C. Amsler and F. Close, Phys. Lett. B353,
385 (1995).
8. S. Lindenbaum and R. Longacre, Phys. Letts.
B274, 494 (1992).
9. D. Weingarten, Nucl. Phys. B (Proc. Suppl.)
17, 272 (1990).
10. J. Sexton, A. Vaccarino and D. Weingarten,
Nucl. Phys. B (Proc. Suppl.) 42, 279 (1995).
11. S. Gottlieb, et al., Phys. Lett. 134B, 346
(1984) R. Altmeyer, et al., Nucl. Phys. B
(Proc. Suppl.) 34, 373 (1994); K. Liu, et al.
Phys. Rev. Lett. 74, 2172 (1995)
